EXISTENCE OF A MULTICAMERAL CORE
Macartan Humphreys
Additional Material
(Proofs of Lemmas 1-4 and of Propositions 2 and 6)

Lemma 1 If 2* f'(p)z, then zf'(p)zVz € Co({x, x*}).

Proof. The claim follows immediately from the fact that the set of
points that each voter prefers to any point is convex. m

Lemma 2 For each group and for each direction there exists a unique
median hyperplane.

Proof. (Existence) Note from the definition of a hyperplane and the
boundedness of the support of any group that for some hyperplane L:

(i) u(Lt(v,a)) is (weakly) decreasing in a

(ii) u(L~(v,a)) is (weakly) increasing in a

(iii) agmoo p(Lt(v,a)) =1

(v)  lim (L (v,a)) = 1

Hence from (iii) and (iv) we know that by choosing an arbitrarily
high or low value of a we can always ensure either that p(L~) > .5 or
pw(L¥) > 5. Define a* = sup{a|p(L*) > .5} and a. = inf{a|u(L~) >
.5}. Monotonicity then implies that L(v,a) is a median hyperplane for
a = Aa, + (1 —X)a*, A € [0,1] . Hence there is a median hyperplane in
every direction.

(Uniqueness) First note that with an odd number of voters, any
median hyperplane must contain at least one ideal point. In particular,
if M(v,a) is a median hyperplane, then u(M*(v,a)) < .5. Now assume
that for some v there are in fact two distinct values, say a, and a* such
that M,(v,a,) and M*(v,a*) are each median hyperplanes for a given

group. If a, < a*, then M, C M*~ and hence pu(M, ) < u(M*~). Hence
w(M) < .5 and so M, is not be a median hyperplane. m

Lemma 3 If a point, x, does not lie on a median hyperplane of a group
then some point on the hyperplane will be preferred by some majority in
that group to .

Proof. Consider plane M (v, a) median to some group P’ and choose
the sign of v, a such that x € M~. Note that a — xz.v > 0. Now consider
the orthogonal projection of z onto M(v,a), * = x + (a — z.v)v. We

now show that for any point p; € M+ we have (p; — z*).(p; — z*) <
(p; — x).(p; — =) and so w;(z*) > w;(z). Since there is a majority of



voters from group P’ with ideals in M+ a majority of P/ then prefers z*
to z. To see that if p; € M+ then (p; — 2*).(pi — 2*) < (pi — z).(pi — ),
substitute for x*:

(i —7).(pi — 2") = (i — ).(pi — )
—(a — z.v)[2(p;.v — zv) + (@ — z.0)]

For p; € M™, the last term in this expression is positive. To see, this
recall that ¢ — z.v > 0 and note that p,€¢ M* implies p;.v —a > 0.
Together these imply that (p;.v — z.v) > 0 and so (p; — z*).(p; — 2*) <

(pi —x).(pi—z) =

Lemma 4 For two distinct points x and ', choose v € S™ ! and
e > 0, such that ' = x + ev. If a majority of group j prefers x’ to x
then M7 C L*(v,z.v) and (LY (v, z.v)) > 5.

Proof. Note first by the definition of median planes that M7 C
LT (v,z.v) if and only if @/ (LT (v,z.v)) > .5. Now assume contrary
to the claim that p?/(L~(v,z.v)) > .5. and in particular (since there is
an odd number of voters in each group) u/(L~(v,z.v)) > .5. Writing
the median plane for group j with directional vector v as M7 (v, a), we
then have that a < z.v. In this case, and, from Lemmas 1 and 3, = (a
convex combination of 2’ and the orthogonal projection of x’ onto M7)
is preferred by a majority of group j voters to 2’. m

Proposition 2: The core is convex. Proof. (By Contradiction)
Consider two points in the core, ¢ and ¢’ and a strictly convex combi-
nation of them, z = A\¢g + (1 — \)¢/, A € (0,1) that is not in the core. If
z is not in the core then there exists a point z* # z that a majority in
all groups prefer to z. Define v = ﬁ and consider the hyperplane
L(v, z.v). Note that by construction, z lies on L(v, z.v) and z* lies in
LT (v, z.v). Assume, without loss of generality, that ¢q.v < ¢’.v. Then,
since z.v = [Ag+(1—=A)¢'].v = Aq.v+(1—=X)¢".v, we have g.v < z.v < ¢ .

Consider arbitrary group j. Since a majority of voters in group j
prefers z* to z, Lemma 4 implies that median hyperplane M/ lies strictly
within the upper half-space L™ (v,v.z) and hence a majority of points in
P7 lies within LT (v, 2.v). (%)

But, since ¢ lies in the core, for some group, j, a minority of the
points in P7 lies in L™ (v, q.v) (Since otherwise, from Lemmas 1 and 3,
some point on L(v, g.v) would be preferred by majorities in all groups to
q). Since q.v < z.v, we have L* (v, z.v) C L (v,q.v) and so a minority
of group j lies within LT (v, z.v). (sx)

Since () contradicts (x*) we have that the core is convex. m

2



Proposition 6 Assume m > 2 and n > %. If ideal points are in
general position, then the core is empty.

The strategy of proof is to show that under the conditions of the
propositions not all ham sandwich cuts intersect. The proof makes use of
the following lemma (illustrated in Figure 1) in order to identify regions
where planes intersect.

Lemma 5 Consider two sets of points in general position Ay and As
in R"™, with |A;UAs| < n+2. If for some point x*, z* € Aff(A;)NAfE(A,)
then x* €Aff(A; N As).

Proof. Consider two sets of points in general position A; and As in
R™ with |A; U As| < n + 2. If for some point z*, 2* € Aff(A;)NAf(A,)
then z* €Aff(A; N Az). We may write z* = Z'Al Mgt = Z|A2| Mo for
4,45 - ,qLA il ¢ A; and coefficients {)\j}izlz,_”,Mﬂ such that ZLJ )\; =
1. Assume, contrary to the proposition that for some arbitrary point
g € Aj\(Al N As;), we have \; # 0. For concreteness assume g & Ay

and A\l # 0. In this case we may write ¢} = ZLA?L‘ i% ZLAE‘ i}

Note however that 342! i—% — YAl % =L -2 )\1)‘ L =1 and hence ¢f lies
1 1 1 1

in the affine hull of (A; U A3)\¢'. Defining k& = |A; U As| we now have

that k points lie on a (k — 2)-hyperplane, a possibility that is ruled out

for points in general position whenever k <n +2. =

Figure 1: Illustration of Lemma 5. The point z* lies on Aff(a,d,b)N
Aff(a, d, c) and so it lies on Aff((a,d,b) N (a,d,c)) =Aff(a,d).

Proof. (of Proposition) We fix p € P and assume that the points in p
are in general position. The key step is to show that with 4m—3’2 <n< gm
the intersection of all ham sandwich cuts through P(p) is empty. By
considering projections onto lower dimensional subspaces we see that if
no z* lies on all cuts when n < %m then no z* lies on all cuts when
n > %m. Hence, because the core is contained in the intersection of all
ham sandwich cuts (from Lemma 3), it is empty.



We assume that a point x* is in the core. We then construct special
ham sandwich cuts whose intersection is empty. First, we need the
following claim. m

Claim 1 Consider any partitioning of P(p) into {Py, Po} with |Py| =
n—m and |Ps| = 2m —n. There exists a ham sandwich cut, H, through
P that contains exactly 2 ideal points from each group in P, and exactly
one point from each group in Ps.

Proof. (of claim) Partition P into {P;, P>} with |P;| = n —m and
| P,| = 2m —n. Given an arbitrary pair of ideal points {p}, p§} from each
colle~ction P* € P, we consider the collection:

P ={{P"\{PF, 05} iy AT sy AP i

Since P contains 2| Py |+|P,| = n sets we have from the ham sandwich
theorem that some ham sandwich cut H through P exists. Let v denote
the directional vector of H. Since each set in P has an odd number of
points, H contains at least one point from each of these sets. However
with ideal points in general position, H, an (n — 1)-dimensional hyper-
plane, may contain at most n ideal points. Hence H contains exactly
one point from each of the n groups in P, and consequently exactly 2
points from each group in P; and exactly one point from each group in
P;. It remains to show that H is a ham sandwich cut through P as
well. For each group P* in P, because H is median to P*\{p¥, p5} and
contains exactly one point p§ from P*\{p¥, p5}, each open half-space of
Wﬂ% points from P*\{p¥, p5}. Since H also contains p¥ and
p% each open half-space of H contains at most ‘Pk% < |P—2k| points from
P*. Hence H is median to each P* in P,. By construction, H is also
median to each P* in P,. Thus, H is a ham sandwich cut through P
that contains exactly 2 ideal points from each group in P, and exactly
one point from each group in P,. m

The next step is to show that there exists a collection of ham sand-
wich cuts that intersect on the affine hull of points in P. This is estab-
lished in the next claim.

H contains

Claim 2 Consider any partitioning of P into { Py, P»} with |Pi| = n—m
and |Py| = 2m — n. Let H denote a ham sandwich cut, through P that
contains exactly 2 ideal points from each group in P, and exactly one
point from each group in P,. Let A denote the set of 2m — n points
from groups in |Py| that lie on H. Then z* € Aff(A).

Proof. (of claim) Let A denote the collection of points ¢ from P,
lying on the hyperplane H. Because the ideal points are in general posi-
tion, the ham sandwich cut H may be written H=Aff({py, p§},_,, pyA)
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and so z* €Aff({pf,p5}, . 45 A). We now sequentially delete each
element p} from the set ({p’f,pg}kﬂ’l“”lpﬂ,.A). To delete pj choose ¢
small enough (with ¢ > 0 if pJ € H" and ¢ < 0 if p} € H™) such
that H =AfF(({p}, P} r=12. . p)\P, P} + v, A) is a ham sandwich cut.
From Lemma 5, we then have that since 2* lies on H and on H that
z* e AF(({pf, p5} 12, p|)\p1, A). Repeating this operation for pj we
have z* €Aff(({p}, p5}rz12, 1) \P3: A). Applying Lemma 5 to sets
({p, 5 }e=1.2,..)\P1, A) and ({pF, p5}e=12.... /71 1) \P3, A) We then have
z* e AF(({p%, pitizi,.ip)\{pI. P3}, A). Continuing in this manner for
k=2,3,..,|P| we have z* cAff(, A) =Aff(A). =

Proof. (of Proposition) The final step is to repeat this argument for
different partitionings of P.

First consider a second partitioning {P|, P;}. with P, C Pj. (such a
partitioning is possible since with n < %m we have n —m < 2m—mn). In
this case P» and Pj contain points drawn from at most 3m — 2n of the
same groups.

Reapplying the preceding claims we have x* € Aff(A’), where A’ de-
notes the collection of points in Pj that lie on the corresponding ham
sandwich cut H'.

But then since P, and Pj share at most 3m — 2n groups, the set
B=AnNA, contains one point from each of at most 3m — 2n different
groups. Now, letting k& denote the number of distinct points in AU A’,
we have that & < 2(2m — n). Additionally, since n > 422 we have that
2(2m —n) < n+ 2 and hence k < n+ 2. With z* €Aff(A), z* €Aff(A")
and |AU A’|< n+ 2, Lemma 5 then implies that z* €Aff(B). If B =@
then we are done.

If B # @ , we need to construct B’ in the same manner such that
z* eAf(BNB') and BNB = @. To this end, recall that B may be
selected to contain one point from each of at most 3m — 2n arbitrary
groups. If m > 2(3m — 2n), or equivalently, if n > %m, we can ensure
that BN B = @ by constraining 5’ to be drawn from a set of 3m — 2n
groups whose elements do not appear in B. Because n > % > %m
the condition always holds and we can select a B’ such that BNB' = &.

Lastly, it is straightforward to check that k' = |B U B'| satisfies the
conditions of Lemma 5 and hence that z* € Aff(BNB') = &, proving the
proposition. m





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


